Fundamental upper bounds are given for the plasmonic multipole absorption and scattering of a rotationally invariant dielectric sphere embedded in a lossy surrounding medium. A specialized Mie theory is developed for this purpose and when combined with the corresponding generalized optical theorem, an optimization problem is obtained which is explicitly solved by straightforward analysis. In particular, the absorption cross section is a concave quadratic form in the related Mie (scattering) parameters and the convex scattering cross section can be maximized by using a Lagrange multiplier constraining the absorption to be non-negative. For the homogeneous sphere, the Weierstrass preparation theorem is used to establish the existence and the uniqueness of the plasmonic singularities and explicit asymptotic expressions are given for the dipole and the quadrupole. It is shown that the optimal passive material for multipole absorption and scattering of a small homogeneous dielectric sphere embedded in a dispersive medium is given approximately as the complex conjugate and the real part of the corresponding pole positions, respectively. Numerical examples are given to illustrate the theory, including a comparison with the plasmonic dipole and quadrupole resonances obtained in gold, silver and aluminum nanospheres based on some specific Brendel-Bormann (BB) dielectric models for these metals. Based on these BB-models, it is interesting to note that the metal spheres can be tuned to optimal absorption at a particular size at a particular frequency.
I. INTRODUCTION
The absorption and scattering of light by small particles have many interesting applications in plasmonics concerning e.g., plasmon waveguides, aperture arrays, extraordinary transmission, perfect lenses, artificial magnetism, and surface-enhanced biological sensing with molecular monolayer spectroscopy, only to mention a few 1 . There are also new emerging applications and ideas emanating from the (in principle) unlimited-power reflection, absorption, and emission that is associated with high modal orders and super resolution effects [2] [3] [4] . In the analysis of these problems the background medium is usually assumed to be lossless. This assumption is usually made for simplicity, but it also gives very strong results such as the optical theorem for a small particle of arbitrary shape, and which is given solely in terms of the wavelength of the incident light and the polarizability of the particle 5 (pp. 71 and 140). In some of these applications, however, it may also sometimes be necessary, or even critically important, to consider the losses in the surrounding medium. The plasmonic resonances in small particles, and in particular the resonances associated with high modal orders, will be severely limited by the presence of internal, as well as external losses. Many of the substances used in optics such as the polymeric media are usually considered to be transparent to visible light 6 , but there are also studies concerning doped PMMA showing significant losses 7 . Another interesting application area is with light in biological tissue 8 and the use of gold nanoparticles for plasmonic photothermal therapy 9 . Hence, there is a motivation to develop new theory that can be used to evaluate the impact of external losses in these applications.
Interestingly as it turns out, it is a non-trivial task to develop a general theory on the scattering and absorption for small particles in a lossy surrounding medium and the existing results are typically given only for spheres [10] [11] [12] [13] [14] [15] . An important example is Bohren's optical theorem for a spherical particle in an absorbing medium where the extinction cross section is defined in a way to be consistent with the power loss that can be physically observed at a detector when the particle is placed between the source and the detector 12 (Eq. (11) on p. 218). However, this definition of extinction cross section diverts from the more common definition made in 5 (Eq. (3.19) on p. 70) or 14 (Eq. (7) on p. 1276) but which is not necessarily non-negative when the surrounding medium is lossy. Nevertheless, as we will see in this paper, the latter definition is very useful as a mathematical device to derive the optimal absorption of a sphere inside a lossy medium.
As has been indicated above, there are major difficulties associated with the definition of cross sections when there are losses in the surrounding medium (even for the sphere). Consider e.g., the simple fact that the power intensity of the plane wave impinging on the particle will depend on the spatial variable. Hence, the fundamental difficulties in general are that the absorption in the surrounding medium will depend on the geometry of the scatterer and the cross sections will depend on the chosen reference point (or origin) for the plane wave.
The purpose of this paper is to develop a specialized theory with rigorous bounds on the multipole scattering and absorption for a rotationally invariant sphere embedded in an infinite isotropic lossy medium. For simplicity, explicit formulas are given only for the electrical multipoles of non-magnetic, dielectric or metallic spheres which are common in plasmonic applications, but the magnetic cases can be treated similarly.
The rest of the paper is organized as follows: In Section II we derive the basic formulas regarding the electrodynamics of a rotationally invariant sphere embedded in a lossy medium. The general theory is then exploited in Section III for derivation of fundamental upper bounds on scattering and absorption, as well as for characterization of optimal plasmonic resonances of the homogeneous sphere. The theory is then illustrated in Section IV with numerical examples concerning the optimal absorption of gold, silver and aluminium nanospheres. The paper is finally concluded with a summary.
II. ELECTRODYNAMICS OF THE SPHERE

A. Notation and conventions
The classical Maxwell's equations are considered with electric and magnetic field intensities E and H given in SI-units [16] [17] [18] . The time convention for time harmonic fields (phasors) is given by e −iωt where ω is the angular frequency and t the time. Let µ 0 , 0 , η 0 and c 0 denote the permeability, the permittivity, the wave impedance and the speed of light in vacuum, respectively, where η 0 = µ 0 / 0 and c 0 = 1/ √ µ 0 0 . The wavenumber of vacuum is given by k 0 = ω √ µ 0 0 . The wavenumber of a homogeneous and isotropic medium with relative permeability µ and permittivity is given by k = k 0 √ µ and the wavelength λ is defined by kλ = 2π. The wave impedance of the same medium is given by η 0 η where η = µ/ is the relative wave impedance. In the following, we will consider only non-magnetic, homogeneous and isotropic materials, and hence µ = 1 from now on. The spherical coordinates are denoted by (r, θ, φ), the corresponding unit vectors (r,θ,φ), and the radius vector r = rr. The regular spherical Bessel functions, the Neumann functions, the spherical Hankel functions of the first kind and the corresponding Riccati-Bessel functions 17 are denoted j l (z), y l (z), h (1) l (z) = j l (z) + iy l (z), ψ l (z) = zj l (z) and ξ l (z) = zh (1) l (z), respectively, all of order l. Finally, the real and the imaginary parts, and the complex conjugate of a complex number z are denoted Re {z}, Im {z} and z * , respectively.
B. General Mie theory for a lossy background
The Mie theory gives the solution to Maxwell's equations for a plane wave impinging on a homogeneous sphere in terms of the multipole expansion of spherical vector waves, see e.g., 5, 17 . The definition of the spherical vector waves and a description of some of their most important properties used in this paper are given in Appendix A.
We consider the scattering of the electromagnetic field due to a homogeneous and isotropic dielectric sphere of radius a, relative permittivity , and wavenumber k = k 0 √ . The background medium is assumed to be homogeneous and isotropic and is characterized by the relative permittivity b and the associated wavenumber
Throughout the analysis in this paper, both materials are assumed to be passive, either lossy or lossless, and hence Im{ } ≥ 0 as well as Im{ b } ≥ 0. It is also assumed that neither nor b can reside at the branchcut of the square root which is defined as the negative part of the real axis.
The incident and the scattered fields for r > a are expressed as in (A1) with multipole coefficients a τ ml and f τ ml for regular and outgoing spherical vector waves, respectively, and the interior field for r < a is similarly expressed using regular spherical vector waves with multipole coefficients a int τ ml . By matching the tangential fields at the boundary of radius a, it can be shown that
for τ = 1, 2, l = 1, 2, . . ., and m = −l, . . . , l, and where t τ l and r τ l are transition matrices for scattering and absorption, respectively, see e.g., 5 (Eqs. (4.52) and (4.53) on p. 100). In particular, the electric (τ = 2) multipole coefficients are given by
and
where m = √ / √ b , cf., also 17 (Eqs. (8.7) and (8.10) on pp. 420 and 426).
Let E i (r) = E 0 e ik bk ·r describe a plane wave with vector amplitude E 0 and propagation directionk. It can be shown that the corresponding multipole expansion coefficients are given by
for τ = 1, 2, l = 1, 2, . . ., and m = −l, . . . , l, and where the vector spherical harmonics A τ ml (k) are defined as in Appendix A 1, see also 17 (Eq. (7.28) on p. 375). Based on the sum identities for the vector spherical harmonics derived in Appendix A 2 it is readily seen that
and where (A17) and (A18) have been used for τ = 2 and τ = 1, respectively, as well as the relationk · E 0 = 0. It is noticed that the relation (6) is independent of the directionk of the incoming plane wave. Although the main focus of this paper is with the homogeneous and isotropic dielectric sphere, many of the relevant results developed here are also valid for a rotationally invariant sphere. With a rotationally invariant sphere the scattering behavior can be described as in (1), i.e., with a diagonal transition matrix t τ l which is independent of the azimuthal index m. A typical situation is with a layered sphere 17 (Chapter 8.3) or with a radially inhomogeneous sphere having an index of refraction which depends only on the radial coordinate r.
C. Rotationally invariant sphere in a lossy medium
Consider the scattering of a rotationally invariant sphere of volume V a bounded by the spherical surface S a of radius a and which is embedded inside a lossy (or lossless) infinite, homogeneous, isotropic and non-magnetic background medium with complex-valued relative permittivity b . Let E and H denote the total fields everywhere in R 3 , and E i and E s the incident and the scattered fields, respectively, so that E = E i + E s in the exterior region R 3 \ V a , and similarly for the magnetic field. Based on the expansion in spherical vector waves (A1) together with (1) as well as (6) and the orthogonality relationships (A31) and (A32), the power absorbed in the scatterer can be expressed in terms of the exterior fields as
where v τ ml (k b r) and u τ ml (k b r) are the regular and the outgoing spherical vector waves, respectively, andτ denotes the dual index, etc., cf., Appendix A 1. In the order of the terms appearing in (7), i.e., the constant, the linear and the quadratic forms in t τ l , the absorbed power can be interpreted as P abs = P i + P ext − P s where P i relates to the power lost in the background medium, P ext is the extinct power and P s the scattered power, respectively 5 (p. 70). Strictly speaking, P ext can be interpreted as the extinct power P ext = P abs + P s only when the surrounding medium is lossless and P i = 0, cf., 5 (Eq. (3.20) on p. 70). In the general lossy case, P ext is interpreted here merely as a mathematical device to calculate the absorption, see also e.g., [12] [13] [14] [15] for a comprehensive discussion on this topic.
The corresponding cross sections are obtained by the normalization C = P/I i where
0 is the intensity of the plane wave at the origin r = 0. Based on the orthogonality relationships (A31) and (A32), the absorption cross section for a particular electric (τ = 2) multipole index l can now be expressed in terms of the following generalized optical theorem
where
see also 14 (Eq. (7) on p. 1276). Observe that the notation used in (9) through (11) should not be confused with (1) and (2) . It is noted that the coefficients a 2l and c 2l are real-valued whereas the coefficients b 2l are complexvalued. Furthermore, it is seen that the scattering cross section is given by
and since Poynting's theorem asserts that the scattered power must be non-negative in a passive medium, it follows immediately from (12) that a 2l < 0. By employing the Wronskians of the spherical Bessel functions (j l y l − j l y l = 1/z 2 ) and of the Riccati-Bessel functions (ψ l ξ l − ψ l ξ l = i), it can be shown that for a lossless medium with Im{k b } = 0, the coefficients defined in (9) through (11) become a 2l = −1, b 2l = −1/2 and c 2l = 0, yielding
which is in agreement with the classical optical theorem, see e.g., 17 (p. 421) or 18 (Eqs. (7.295) and (7.297) on pp. 465-466).
D. Homogeneous sphere in a lossy medium
The absorption of a homogeneous sphere can also be calculated directly from the internal fields via Poynting's theorem
where V a denotes the spherical volume of radius a. Due to the orthogonality of the spherical vector waves over a spherical volume as expressed in (A27) through (A30), the absorption cross section can be evaluated as
where W τ l (k, a) = Va |v τ ml (kr)| 2 dv are the volume integrals of the regular spherical vector waves. Note that in (15), the relations (2) and (6) have also been employed. For the electric multipoles (τ = 2), W 2l (k, a) is given by (A29) and (A30) and can be expressed explicitly as
and which are based on the adequate Lommel integrals for spherical Bessel functions with complex-valued arguments, cf., also 19 (Eq. (A.15) on p. 11).
III. OPTIMAL PLASMONIC RESONANCES OF THE SPHERE
A. Optimal absorption of the rotationally invariant sphere
Consider the problem of maximizing the absorption cross section for a single electric (τ = 2) multipole index l based on (8) . Since a 2l < 0, the absorption cross section C abs,2l is a strictly concave quadratic form in t 2l , hence possessing a unique maximum. By differentiating (8) with respect to the complex conjugate of the variable z = t 2l and solving for stationarity
the following optimal Mie coefficient is obtained
yielding the optimal absorption cross section for the rotationally invariant sphere
For a lossless medium with Im{k b } = 0, we have a 2l = −1, b 2l = −1/2 and c 2l = 0, giving the optimal solution t 2l = −1/2, and
in agreement with the classical theory for a lossless medium, see e.g., 20 (Eq. (16) on p. 937) for the case l = 1.
B. Optimal scattering of the rotationally invariant sphere
Consider the problem of maximizing the scattering cross section for a single electric (τ = 2) multipole index l based on (12) . Since a 2l < 0, the scattering cross section C s,2l is a strictly convex quadratic form in t 2l , and the additional convex constraint C abs,2l ≥ 0 based on (8) is needed to get a valid solution. With z = t 2l , the problem can be formulated equivalently as maximize zz * subject to a 2l zz
and where the inequality constraint has been replaced by an equality constraint (C abs,2l = 0) since the maximum of a convex function over a convex set will always occur at a boundary point (active constraint). The Lagrange function for (21) is given by
where α is the real-valued multiplier. The Lagrange condition for an optimal solution is
and the solution can be written as
where β = −α/(1 + αa 2l ) is a real-valued parameter. Insertion of (24) into the quadratic constraint in (21) gives the condition for stationarity
The maximizing solution is readily found as t 2l = βb * 2l
and the optimal scattering cross section for the rotationally invariant sphere is
For a lossless medium with Im{k b } = 0, we have a 2l = −1, b 2l = −1/2 and c 2l = 0 giving the optimal solution t 2l = −1, and
in agreement with the classical theory for a lossless medium, see e.g., 20 (Eq. (17) on p. 938) for the case l = 1.
C. Asymptotic analysis for small homogeneous spheres
An asymptotic analysis of (15) and (12) is carried out to find approximate expressions for the corresponding optimal permittivity opt of the homogeneous sphere when the electrical size k 0 a is small. For this purpose, the following power series expansions of the spherical Bessel functions is employed
and for the spherical Neumann functions
and the spherical Hankel functions of the first kind
where 
and where the order relation is found by considering the corresponding power series expansions. Note that the combinations (33) is an analytic function in all of its three arguments ( ,
An asymptotic analysis of (32) shows that
where C l (k 0 a, , b ) is a polynomial function of (k 0 a, , b ) with terms having even order in k 0 a ranging from 0 up to 2l − 2 and real-valued coefficients, and
A detailed study shows that for the electric dipole we have
and for the quadrupole 
D. The plasmonic singularities of the homogeneous sphere
When the background permittivity b is fixed, it follows from (32) and (33) that the Mie coefficient r 2l can be written
where f l (w, z) is an analytic function in the complex variables w and z, of the form
and where w = + l+1 l b and z = k 0 a. The following theorem by Weierstrass 23 (Theorem 7.5.1) can now be used to establish the existence and the uniqueness of a single pole of r 2l with the property p,l (k 0 a) → − l+1 l b as k 0 a → 0. We will refer to p,l (k 0 a) as the plasmonic multipole singularity of the sphere.
Theorem III.1 (The Weierstrass preparation theorem) Let f (w, z) be an analytic function of (w, z) ∈ C × C in a neighborhood of (0, 0) such that
at (0, 0). Then there is a unique factorization Here, it is seen from (39) that
at (w, z) = (0, 0). It follows then from Theorem III.1 that there is a unique factorization
where a(w, z) and b 0 (z) are analytic in a neighborhood of (0, 0) and 0, respectively, and a(0, 0) = 0 and b 0 (0) = 0. From (39) follows also that f l (w, 0) = w and hence that a(w, 0) = 1. The factorization (43) can now be written
and where b 0 (k 0 a) → 0 as k 0 a → 0. This establishes the existence and the uniqeness of the pole p,l (k 0 a) as stated above. Since a(w, z) is a continuous function with a(w, 0) = 1, it is furthermore seen that
as k 0 a → 0 and where the symbol ∼ indicates an asymptotic approximation in the sense of 22 (p. 4). Finally, the asymptotics of the Mie coefficient r 2l can be written
as k 0 a → 0. It is also observed that p,l (k 0 a) resides in the lower complex half plane Im{ } < 0 when the surrounding media is passive, cf., (45) with Im{ b } > 0. An asymptotic analysis of the equation f l (w, k 0 a) = 0 to leading orders in k 0 a reveals the pole structure of the electric multipole. In general, the pole structure based on (34) and (35) is given by
is a polynomial function of (k 0 a, b ) with terms having even order in k 0 a ranging from 0 up to 2l − 2 and real-valued coefficients. A detailed study based on (36) and (37) gives the following pole expression for the dipole
and for the quadrupole
E. Optimal permittivity of the homogeneous sphere
To maximize the absorption cross section (15) with respect to the permittivity we consider the normalized absorption cross section Q abs,2l for a particular electric multipole
where (16) has been used. An asymptotic analysis of (51) using (29) and (47) yields
for small k 0 a, and where it is observed that the singular factor 1/ ( √ ) l−1 in (47) cancel due to the corresponding regularity of W 2l (k, a). The function Q abs,2l is of the form
cf., e.g., 19 (Sect. 2.5, Eqs. (15) through (17)). Hence, the expression (53) gives an approximation of the optimal permittivity for multipole absorption of small dielectric spheres embedded in lossy media.
Based on (49) and (50) we can now immediately assess that the corresponding optimal permittivity for the dipole absorption is given by
and for the quadrupole absorption
Similarly, to maximize the scattering cross section defined in (12) , it is observed that C s,2l is proportional to the squared Mie coefficient |t 2l |
2 . An asymptotic analysis of (3) for small k 0 a shows that
where p,l (k 0 a) is the same pole as defined in (44) and (45) above, and hence that
where A is a constant. To maximize (57) for Im{ } ≥ 0 and small k 0 a as well as with small losses Im{ b }, it is readily seen that the distance function | − b | can be neglected and the optimal plasmonic resonance for multipole scattering by small dielectric spheres in lossy media is approximately given by
It is noted that the expressions (53) through (55), and similarly (58) give asymptotic expansions of the permittivity of a small dielectric sphere yielding optimal absorption and scattering, respectively, and which explicitly takes the background loss into account via the complexvalued parameter b . This generalizes previous results for a lossless background given e.g., by 20 (Eq. (18) through (24) on p. 938) and 24 (Eq. (11) and (14) on p. 3). It is finally noted that the homogeneous sphere represents a subclass of spherical objects embraced by the rotationally invariant sphere, and the optimality of the homogeneous sphere must hence be bounded by (19) and (27) .
IV. NUMERICAL EXAMPLES
The theory developed in this paper is discussed based on a few numerical examples and illustrated in Figures  1 through 5 below. In particular, we are relating here to applications in optics where the the absorption coefficient is given by α = 2k 0 Im{ √ b } and the skin-depth is α −1 , cf., 16 (p. 314-315). As a reference, in 8 (Table 3.2 on pp. 47-49) is given a comprehensive summary of published data regarding the absorption coefficient of biological tissue at optical frequencies. Even though this data is very diverse, one can argue that the skin-depth of tissue in the visible light is in the order of α −1 = 10 −1 cm. Another class of materials which is important in optics are the polymeric media such as PMMA which usually can be considered as transparent in the optical regime, cf., 6 . However, some papers report large absorption coefficients, and in particular for doped PMMA films with skin-depths as small as α −1 = 10 −2 cm for visible light 7 . The skin-depth of pure water is approximately α −1 = 10 4 cm for visible light 16 (p. 315). The numerical examples given below have been chosen to cover this range of losses, and even though the refractive indices are somewhat different in various applications, the real part of b is not so critical in these comparisons and we have therefore consistently chosen Re{ b } = 1.
In Figure 1 is shown the optimal normalized absorption cross section Q opt abs,2l = C opt abs,2l /πa 2 where C opt abs,2l is given by (19) , and plotted here as a function of the electrical size k 0 a for different loss factors b = Im{ b } = 10 −9 , 10 −3 , 10 −1 , and multipole orders l = 1, 2. At visible light with the wavelength λ = 550 nm, these loss factors correspond approximately to a skin-depth α −1 = 10 4 , 10 −2 , 10 −4 cm, respectively. Notice that even though the quadrupole field is potentially more efficient for absorbtion, it is attenuated much more effectively than the dipole field with increasing external losses or decreasing electrical size. The optimal scattering cross section (27) can be investigated similarly and shows a very similar spectrum, only about 4 times larger, cf., (20) and (28). 
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FIG. 3. The dielectric functions
Ax (ν) for gold (Au), silver (Ag) and aluminum (Al) according to the Brendel-Bormann model 25 , and the asymptotic near-optimal dielectric functions opt,l (k0a), l = 1, 2, parameterized by frequency ν and electrical size k0a, respectively, plotted in the complex plane. Their intersections give an approximation to an optimal dipole or quadrupole resonance for each metal.
To illustrate the theory on optimal resonances with an application in plasmonics at optical frequencies, we investigate the optimal absorption in gold (Au), silver (Ag) and aluminum (Al) nanospheres embedded in a lossy medium as indicated above. In Figure 2 is plotted the permittivities of the three metals according to the Brendel-Bormann (BB) model fitted to experimental data as presented in 25 (the dielectric model in Eq. (11) with parameter values from Table 1 and Table 3 ). Here, the frequency axis is given in terms of the photon energy hν in units of electron volts (eV) where h is Planck's constant and ν the frequency. Let opt,1 (k 0 a) and opt,2 (k 0 a) denote the approximate asymptotic expressions corresponding to the optimal permittivities given by (54) and (55) up to order 3 and 5, respectively. One can now attempt to numerically solve the parametric equation
for l = 1, 2, Ax = Au, Ag, Al, and where Ax (ν) denotes either of the dielectric BB-models for gold, silver and aluminum, respectively. When a solution is obtained in terms of (k 0 a, ν), the optimally tuned radius is given simply as a = k 0 ac 0 /2πν. It turns out that such a solution can be found for the dipole as well as for the quadrupole for all the three metals, as illustrated in Figure 3 . In Figure 4 is plotted and summarized the results for the optimally tuned metal spheres for a lossless background with b = 1, and where Q Ax abs,2l , l = 1, 2, is given by (51) based on the corresponding BB-model for the dielectric function of gold, silver and aluminum, respectively. The optimally tuned radii appear in the legends to the right, and the corresponding (almost tangent) optimal bounds (19) are plotted as dotted lines. As a reference, the dipole resonance peaks for gold, silver and aluminum shown in Figure 4 appear approxi-mately at the wavelengths λ = 510 nm, λ = 390 nm and λ = 158 nm, respectively. In Figure 5 is illustrated the impact of a significant increase of the external losses by changing the background permittivity to b = 1 + i10
, and where all the other parameters are left unchanged. It is observed that significant losses are needed to impact on these near-optimal resonances. As e.g., with b = 1 + i10 −3 (α −1 ≈ 10 −2 cm), the absorption is virtually not affected at all. These characteristics are also readily understood in view of the plots in Figure  1 , considering that the radii of the optimal metal spheres investigated here are rather large with an electrical size at resonance ranging from k 0 a = 1/2 to k 0 a = 2.
It should be noted that the optimization procedure described above in (59) is only sub-optimal in the sense that it is based on the asymptotic expansions (54) and (55) rather than the exact pole positions p,l (k 0 a) defined in Section III D. Of course, this deficiency could be remedied by using a more sophisticated numerical procedure to find the maximizing permittivity function. However, it should also be emphasized that this example merely illustrates the fact that a gold, silver or aluminum sphere under a certain BB-model, can yield optimal absorption at a certain size at a certain frequency. For this particular size and frequency, there are no other materials that can give higher absorption. But this also means e.g., that if the size of the optimal multipole Ax sphere is just slightly decreased then both Q opt abs,2l as well as Q Ax abs,2l (still close to resonance) will slightly increase, but optimality is lost for all frequencies. This behavior is quite natural since the sphere is a very simple geometry with only one geometrical degree of freedom (its radius), whereas more complicated objects such as the spheroid having two geometrical degrees of freedom (size and eccentricity) would be expected to give much higher flexibility in this regard.
V. SUMMARY AND CONCLUSIONS
Fundamental upper bounds on absorbed and scattered powers are given for the plasmonic multipole resonances of a rotationally invariant sphere embedded in a lossy medium and an asymptotic analysis is carried out to characterize the corresponding resonances of small homogeneous spheres. Explicit expressions are given for the dipole and the quadrupole and the theory is illustrated in a comparison with the corresponding resonances of metal nanospheres based on a specific Brendel-Bormann (BB) model for the permittivity of gold, silver and aluminum.
In a source-free homogeneous and isotropic medium the electromagnetic field can be expanded in spherical vector waves as
a τ ml v τ ml (kr) + f τ ml u τ ml (kr), H(r) = 1 iη 0 η l,m,τ a τ ml vτ ml (kr) + f τ ml uτ ml (kr), (A1) where v τ ml (kr) and u τ ml (kr) are the regular and the outgoing spherical vector waves, respectively, and a τ ml and f τ ml the corresponding multipole coefficients, see e.g., 5, 16, 17, 26, 27 . Here, l = 1, 2, . . . , is the multipole order, m = −l, . . . , l, the azimuthal index and τ = 1, 2, where τ = 1 indicates a transverse electric (TE) magnetic multipole and τ = 2 a transverse magnetic (TM) electric multipole, andτ denotes the dual index, i.e.,1 = 2 and 2 = 1.
The solenoidal (source-free) regular spherical vector waves are defined here by
where Y ml (r) are the spherical harmonics, A τ ml (r) the vector spherical harmonics and j l (x) the spherical Bessel functions of order l, cf., 16, 17, 21, [27] [28] [29] . Here, (·) denotes a differentiation with respect to the argument of the spherical Bessel function. The outgoing (radiating) spherical vector waves u τ ml (kr) are obtained by replacing the regular spherical Bessel functions j l (x) above with the spherical Hankel functions of the first kind, h (1) l (x), see 16, 17, 21, 28 . The vector spherical harmonics A τ ml (r) are given by
where τ = 1, 2, 3, and where the spherical harmonics Y ml (r) are given by A * τ ml (r)A τ ml (r) = 2l + 1 4π
which is independent of the directionr.
Lommel integrals for spherical Bessel functions
Let s l (kr) denote an arbitrary linear combination of spherical Bessel and Hankel functions. Based on the two Lommel integrals for cylinder functions, cf., 
where k is complex-valued (k = k * ), cf., 
see also e.g., 31 (Eq. (17) on p. 411) and 32 (Eqs. (36) and (47) on pp. 2359-2360).
Orthogonality over a spherical volume
Due to the orthonormality of the vector spherical harmonics (A7), the regular spherical vector waves are orthogonal over the unit sphere with (A26)
As a consequence, the regular spherical vector waves are also orthogonal over a spherical volume V a with radius a yielding 
Orthogonality over a spherical surface
Based on the properties of the spherical vector waves described in Section A 1, the following orthogonality relationships regarding their cross products on a spherical surface can be derived 
for τ = 1, 2. Here, S a is the spherical surface of radius a, and w l (ka) and z l (ka) are either of j l (ka) or h (1) l (ka) and w τ ml (kr) and z τ ml (kr) the corresponding spherical vector waves, respectively.
